A theorem of Korovkin states that a sequence of positive linear operators on C[a, 6] converges strongly to the identity if and only if convergence holds on a three-dimensional Chebyshev subspace of C [a, b]. We extend this theorem to include Chebyshev subspaces of arbitrary dimension and convergence to other positive linear operators.
Introduction.
Convergence of a sequence of positive linear operators to the identity can sometimes be proven by verifying convergence on a finite set of functions. For instance, let C(X) denote the Banach space of real-valued functions which are defined and continuous on the interval X= [a, b] . Then a sequence of positive linear operators on C(X) converges strongly to the identity provided convergence holds on a three-dimensional Chebyshev subspace of C(X). This well known and striking result is due to Korovkin (cf. [4] ).
There is another formulation of this theorem in terms of linear functionals on C(X). Given anxel, we define point evaluation at .v as the linear functional x(f)=f(x).
A sequence of positive linear functionals {Lk} converges weakly to x, that is, (1) limLkif) = xif), feCiX), fc-*oo if and only if (1) holds for a three-dimensional Chebyshev subspace of CiX).
The purpose of this paper is to extend this theorem to sequences of positive linear functionals converging to linear functionals other than point evaluations. Specifically, we answer the following question: What linear functionals L have the property that a sequence of positive linear functionals converges weakly to L on CiX) if and only if convergence holds on an /7+1-dimensional Chebyshev subspace of C(X). We prove the corresponding result for positive linear operators, show that certain improvements in our result are not possible, and give some examples.
For further generalizations of Korovkin's theorem see [5] or [6] . The basic ingredient in the proof of the Bohman-Korovkin theorem is the existence of nonnegative functions which have a prescribed set of zeros. The following result, whose proof can be found in [2] , provides us with this information for an arbitrary Chebyshev subspace. Let L0 denote any weak cluster point of the sequence {Lk}. The proof will be complete if we can show L0=L. To this aim, we first note that L0 is necessarily a positive linear functional which, on account of (3), satisfies (5) L0iu) = Utt), ue%. Remark. Theorem 1 implies that the restriction of any L e ^Cn to an n+ 1-dimensional Chebyshev subspace has a unique extension as a positive linear functional on C(X).
We now turn our attention to the version of Theorem 1 which is valid for positive linear operators. Let F be a linear operator on C(X). For each x e X, we define the linear functional x ° F by setting (x o T)f=(Tf)(x). where <% is some n+l-dimensional Chebyshev subpace ofC(X).
Proof. Suppose to the contrary that there exists age C(X) such that Tkg does not converge to Tg while (9) holds. Then there exists an e0>0, nk->-co and a sequence {xk}^X such that Since X is compact, the sequence {xk} has a convergent subsequence. We also denote this subsequence by {xk} and its limit by x0. Then from (9) we have \imk^.a>(xk ° Tn )u=(x0 ° T)u, for all u eúi¿. Hence, it follows from Theorem 1 that \\xnk_^(x.k ° T" )g=(x0 o T)g. This contradicts (10) and so the theorem is proven. 3. Improving Theorem 1. We will show that Theorem 1 is not valid if either the hypothesis on L or the subspace tf/ is removed.
Theorem 3. Suppose °ll is an n+l-dimensional
Chebyshev subspace of C(X). Let L be a positive linear functional on C(X) with the property that its restriction to tf/ has a unique extension as a positive linear functional on C(X).
Then L must be in S¿'".
Proof.
Assume to the contrary that L $ ¿£n and let {w0, ■••,«"} be a basis for the Chebyshev subspace °l/.. Consider the moment space ^#n+1 generated by the set of functions {«", ux, ■ ■ • , u"}, where F ranges over all positive linear functionals on C(X). In [2] it is proven that <J?n+x is a closed convex cone in £"+1 whose boundary is This completes the proof.
